ABSTRACT The exact solutions for the isotopic compositions and the concentrations of the two-reservoir model for mantle-crust evolution are given for arbitrary rates of crustal growth and of back flow to the mantle. The critical parameters are the chemical fractionation factors for crustal growth and refluxing and the integrated fractional mass-remov rates from the crust and the mantle. For the case where refluxing is proportional to crustal growth, all the solutions reduce to simple analytic expressions. The expression for the mean age of the mass of the crust with refluxing is given. If refluxing is significant, the model shows that highly incompatible elements have short residence times in the mantle. With plausible concentration values, material balance implies that the continents were derived from only a small fraction of the mantle.
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There has been a renewed interest in models of crustal growth because of the remarkable regularities observed in the initial isotopic composition of Nd. This has led to estimates of the bulk Sm/Nd and'Rb/Sr ratios for the earth and provides a basis for considering quantitative models of crustal evolution (1, 2) . The formation of continental crust that is enriched in incompatible elements leaves behind a depleted mantle with the matter transport constrained to yield the bulk composition. In a previous'work we have presented exact solutions for unidirectional transport from the mantle to the crust for arbitrary rates of crustal growth (3) and have shown the relationships between transport and isotopic abundances with radioactive decay.
Other workers have presented analytical and numerical models for transport and isotopic evolution that includes backflow of continental crust to the mantle, using specific forms for the rates of crustal growth or species transport (4) (5) (6) (7) (8) (9) (10) . Numerical solutions are extremely useful but, in our opinion, do not readily permit physical insight into the basic parameters governing such models. In this report we present some results on formal models of crustal evolution that explicitly include transport of material from the crust back to the mantle for arbitrary transfer rates and that may be of value in calculating particular models and in estimating the basic physicochemical parameters. Notation and general equations for two-reservoir models
We will follow the notation of Jacobsen and Wasserburg (3). The crust grows from an initially undifferentiated mantle, which becomes depleted (reservoir 2) as a result of continuing continental crustal growth. The depleted mantle may make up all or part of the mantle. A portion of the mantle'with bulk-earth concentrations of all elements may remain inactive through geologic history (reservoir 1). The depleted mantle (2) 
. [2] The time T runs forward from the initial state at the formation of the earth. The time measured backward from the present will be called T, such that today T = T-r where To is the age of the earth today. 
[3b] This is equivalent to equation 78 given in ref. 3 .
Let the fluxes of mass and species i from reservoir j to k be Mjk and Jawk, respectively. The transport equations are: dM2 dM3 drT d-r [4] dT2 = jf32 -Ji23 -A (i = s,r;i #d;Xs = 0) [5] drT dr = Jd32 -Jd2M + XrNr2. [6] The solutions for one reservoir are known from the other by the species and mass conservation equations.
Fluxes between the reservoirs The preceding equations are valid for any two-reservoir model. We now make a specific assumption about the fluxes. Assume that a differential mass is removed from reservoir 2 as a partial melt and is added to the crust. The bulk mass flux into the crust is M23, and the concentration of a species i in the mass of partial melt (M2360) is Cj3(r). Let di be the fractionation factor of elProc. Nati. Acad. Sci. USA 77 (1980) 6299 ement i in a differential segment of mantle melt that is to be added to the crust (di = cj3/Cd2; concentration in melt/average concentration in mantle). The flux of species i from 2 to 3 is then given by J,23(1) = cM(TW23 = diCi2(T)423 = diNQ2(T)t(r), [7] in which +V(r) --23/M2 is the fractional rate of mass removal from the depleted mantle. Similarly assume that the material being subducted back to the mantle is average crust with concentration Cis chemically fractionated by a factor gi (concentration of i in subducted material/concentration of i in average crust at that time). The flux of species i from 3 to 2 is then given by JA32(7) = gjCj3(r)M32 = g1N13(r)4(r), [8] in which ¢(r) -M32/M3 is the fractional rate of mass removal from the continental crust. If the backflow is proportional to the area of the continents, we get 4(T) = E(r)/ph where E(X)
is the mass "erosion rate" per unit area and ph is the average effective mass of a crustal column of unit area. The reciprocals of 4t and 4 are the instantaneous residence times for the bulk mass of reservoirs 2 and 3, respectively. Solutions of the transport equations For the bulk mass flow we get by substituting the definitions for i1 and k into Eq. 6
and it follows that the mass of the crust as a function of time is
given by 
then the exact solution of Eq. 10 is:
The solution for the daughter isotope becomes:
The We now derive an expression for the mean age of the crust for this model as a generalization of the treatment without refluxing by Jacobsen and Wasserburg (3) . We assume that new crust is added in small random parcels that have an equal a priori probability of being refluxed. Then the probability that a parcel of matter added at time 4 survives at time T Inspection of Eq. 19 shows (i) a low probability of survival for old crust requires 4)(4.5 AE) to be >>1 and (ii) the survivability of the crust at 2.8 AE requires 4)(4.5 AE) -4(T) for T > 1.7 AE (2.8 AE age) to be small in order to explain the observed frequency of ages assuming a roughly uniform rate of crustal growth. This clearly demands that 4)(r) reach a large value early and that it only change slowly after that time. Refluxing proportional to crustal growth If we now consider a restricted relationship in which the fractional rate of refluxing M32/M3 is proportional to the rate of crustal addition, then 0(r) = f3/(r) and 4({r) = #3I(T) where 3 is a constant. Then Ai(T) = (di + flgi)'TI(T) and The explicit relationship (Eq. 21) (see Fig. 1 ) allows a direct calculation of I(r) from a choice of M3(r). Hence, the solutions given here are explicit determinations of the state of the system at a time r given a choice for the mass of the crust M3(r) and the parameters di, gi, and /3.
The expression for the enrichment factor f is given by Table 2 are only 1% to 2% higher than those for no refluxing (x = 0). However, the value for dRb clearly changes drastically for refluxing, as the value without refluxing is dRb = 134.3. The lower half of Tables 1 and 2 were computed for the case in which the whole mantle was involved in crustal formation. The whole mantle model gives tSm/Nd = 7.6 AE. Because this parameter clearly cannot exceed 4 CONCLUSIONS Formal expressions for the concentrations and isotopic composition in crust and mantle are given for models for the growth of the continents from a homogeneous mantle layer. These models yield very short residence times for highly incompatible elements in the mantle and require that the mass of the mantle from which the continents are derived is a small fraction of the total mass of the mantle. Although models controlled by refluxing can give relatively uniform concentrations of incompatible trace elements over much of geologic time, there are several difficulties. It is not possible to derive materials with Efd(T) = 0 from the mantle over the past -2-3 AE. This requires that magmas with ENd(T) = 0 are "accidental" mixtures of crust and depleted mantle in the appropriate proportions. From these considerations we infer that a two-layer model (crust and depleted mantle), in which the mantle layer is continuously depleted (with or without refluxing) is not an adequate explanation of the observations. We conclude that a three-or four-layer model is required that includes (i) a lower undepleted mantle which continues to provide material to (ii) the depleted upper mantle and (i) the crust. The upper part of the depleted upper mantle (-200 km?) behind subduction zones may be a buffer zone, which rapidly refluxes the material that is transported off the continents into the upper depleted (oceanic) mantle. This zone rapidly (0.2 AE) returns most of the refluxed material back to orogenic belts on the continents along with some of the upper-mantle material. The main transport is then considered to be the concurrent formation of continental crust with the creation of newly depleted mantle, which reduces the mass of undepleted mantle as in model I in ref. 3 . The refluxing is then a mechanism that recreates crust from preexisting crust plus some depleted mantle and changes the age pattern on the crust but does not supply the main source of primary new crustal material. This type of model will require joining models I and II (3) with shallow refluxing. In all these considerations, it must be respected that the bulk-earth parameters are still not sufficiently well established and that changes in this basic reference state will have substantial quantitative and qualitative effects on our understanding. It still appears necessary to consider two distinct periods of crustal evolution. The early period (prior to 3.6 AE) in which refluxing was very high, transporting material to depths, and a subsequent period in which the refluxing was substantially smaller. These time scales are comparable to the decay of MU and undoubtedly reflect a major change in the vigor of crustal growth and destruction with the decreasing heat flow. The results obtained in this work show that the formal problem of mantle differentiation and crustal growth with refluxing can be reduced to a simple analytical form that is readily susceptible to numerical evaluation and to physical interpretation.
